In this contribution we propose a dynamic tracking error problem and we consider the problem of monitoring at discrete point the shortfall of the portfolio below a set of given reference levels of wealth. We formulate and solve the resulting dynamic optimization problem using stochastic programming. The resulting problem allows for a great flexibility in the combination of a tracking goal and a downside risk protection through a discrete monitoring of the shortfalls. We provide the results of a out-of-sample simulation experiments, on real data, for different portfolio configurations and different market conditions.
Introduction
Measuring risk is a crucial issue in financial modeling and it is relevant both for pricing purposes and for asset allocation problems. In particular, investors are concerned with the measurement and the management of risk in such a way that they can obtain a portfolio which is compliant with their risk attitude.
The majority of investors are more concerned with downside risk rather than upside risk, and there is experimental evidence that they treat differently losses from gains. This introduces the need for asymmetric risk measures and can account for the growing interest of investors in mean return-downside risk portfolio models. The key idea of these approaches is to separate the downside deviations from the upside potential and control only the first part of risk. For a classification of different risk measure in portfolio selection see, for example, [5] .
Risk measurement is strictly connected with the definition of a term of comparison with respect to which we can contrast and compare the risk/return profile of our portfolio. Moreover, it is common practice to monitor the performance of a portfolio, or a fund manager, with reference to an explicitly declared, or implicitly assumed, benchmark. This allows for a more objective assessment of the risk profile and the performance evaluation of the investment, linking it with current market conditions.
The tracking error and tracking error volatility are widely used measures of how closely the investment behave with respect to the reference portfolio. However, they are symmetric measures of distance and dispersion and cannot account for investor aversion for downside rather than upside deviations.
In this contribution we aim at jointly considering the presence of a benchmark and the issue of controlling downside risk. We introduce a set of barriers which accounts for loss/gain preferences of the investor, i.e. the shortfall can be computed with respect to a given level of acceptable losses or with respect to a given desired level of minimum return for the portfolio.
The risk is thus measured by two different components, the first reflects the risk profile of the benchmark; nevertheless, we consider that investors are more concerned with the downside risk and, in particular, with negative deviations from certain reference levels. The resulting portfolio accounts for these two aspect of risk. An indirect measure of risk through the choice of a benchmark and a more direct control on the values of the portfolio through the reference levels. The approach is flexible and allow to easily account for different investor preferences.
Other approaches, based on the definition of a proper utility function of risk aversion coefficients, to express risk aversion in portfolio management 1 problems, are possible. They are particularly interesting from a theoretical point of view and have been explored in the literature.
However, in this contribution, we are interested in investigating the connection between the tracking error goal and the control of downside risk both from the point of view of an investor and of a fund manager. To this aim, the use of reference points and the management of risk through shortfalls from the set of specified threshold levels of wealth represent, in our opinion, an easily understandable way of measuring and communicating risk.
The structure of the paper is as follows. In Section 2, we briefly present the contributions in the literature which deal with benchmarking and shortfall control. In Section 3, we present and discuss our model for multiperiod tracking error with shortfall. In Section 4, we present an application of the proposed model and, in order to account for different market conditions, we consider out-of-sample simulation experiments for different periods. Section 5 concludes.
Literature review
Different contributions in the literature tackled the issue of benchmarking and tracking error. In a static portfolio selection framework, see, for example, [3] [9] [21] . For a discussion on the reliability of tracking error as a measure of risk see [23] . While for the use of asymmetric tracking error see [14] [18] [21] .
Among the contributions on dynamic tracking error problems, in continuous or discrete time setting, we refer to [2] [6][10] [15] .
The concern of investors for downside risk has led to the development of a huge stream of financial literature on the use of asymmetric and tail risk measures in portfolio selection problems. There are many contributions which propose the use of alternative risk measures, among them, see for example, [ We are interested in considering a multiperiod tracking error problem and a discrete time monitoring of the shortfalls below given threshold levels of wealth, to this aim we consider both symmetric and asymmetric tracking error measures.
Dempster et al., in [11] [12], tackled the problem of dynamic portfolio management for a pension fund in presence of minimum guarantees. They propose to consider, as objective function, for their multistage stochastic programming problem, the minimization of expected average shortfall and of expected maximum shortfall.
Different contributions in the literature consider the introduction of a shortfall constraint in portfolio management, in particular for a discussion on the use of shortfall as a risk measure in asset allocation and in static tracking error problem we refer to [4] . In our problem we consider a discrete monitoring of the portfolio level through the measurement of the shortfalls with respect to a set of reference levels of wealths. This goal is then combined with a tracking error objective and our model can be specified in different ways to account for symmetric and asymmetric distance measures both with respect to the risky benchmark and with respect to the wealth barriers. Moreover, we can allow for a trade-off between the two terms according to the investor's preferences.
Model formulation
We consider a dynamic tracking error problem and we assume that the investor is interested in tracking the performance of a risky benchmark over time. To this aim we formulate and solve a multistage stochastic programming problem where the benchmark itself is treated as a stochastic component.
We consider the arborescent formulation of the problem and a scenario tree from t = 0 (current state) to T ; we denote with k t a generic node in the event tree at time t and with π k t the associated probability.
We denote with y kt the value of the managed portfolio in each node and with x kt the value of the stochastic benchmark. To control the value of the portfolio we introduce a set of reference levels of wealth, z j t with j = 1, . . . , J, which act as thresholds with respect to which we monitor the behavior of the portfolio. In particular, we are interested in monitoring the shortfalls of the portfolio value below each threshold level. The threshold levels are not stochastic but can be time dependent.
The investor can choose among a set of risky assets and a liquidity component. We denote with q i k t , i = 1, . . . , n, and l k t the holdings in each asset while we use a i k t and v i k t to denote the amounts of risky asset purchased and sold in each node, respectively. The liquidity component absorbs the turnover in the portfolio and accounts also for proportional transaction costs (tc).
Moreover, for each node k t , we denote with r kt = (r 1 kt , . . . , r n kt , r l kt ) the vector of returns of the risky assets and for the liquidity component for period
We want our model to account both for symmetric and asymmetric distance measures from the risky benchmark and from the reference levels. To this aim we choose to use a mean absolute deviation model (MAD).
The mean absolute deviation measure presents many advantages: it leads to a linear optimization problem (see, for example, [19] [20] [21] ), and can be easily separated into positive and negative deviations, allowing for the required flexibility.
In more detail, we define the distance measure of the managed portfolio from the risky benchmark, in node k t , as follows
With respect to the threshold levels of wealth z j t , with j = 1, . . . , J, we are interested in considering only negative deviations from the reference levels and thus we propose to use the following asymmetric distance measure
For a discussion on how the MAD model can be transformed into a linear optimization problem see, for example, [20] [21] [24] .
The resulting multiperiod stochastic programming problem is Equation (6) represents the portfolio composition in each node, while equations (7)- (8) describe the dynamics of the assets in the portfolio moving from an ancestor node f (k t ) to a descendent node k t . Finally, equation (10) provide the non-negativity conditions on the portfolio composition, ruling out the possibility for short-selling and borrowing, and (13) give the initial portfolio endowments.
The objective function of our problem accounts for two different terms. The first is a tracking goal with respect to the risky benchmark while the second term accounts for the shortfalls below the reference levels. The investor is interested in minimizing the distance from the risky benchmark while at the same time limiting the downside risk measured through the shortfalls.
The risk profile of the resulting optimal portfolios takes into account both the connection with the benchmark and the risk aversion for gain or losses lower than a set of specified barriers which are settled by the investors according to their investment goals.
The control through reference levels is flexible and presents different advantages in the formulation of the problem. First, barriers are allowed to be time dependent and the risk control can be tailored along the investment horizon. For example, it can be made more tight towards the end of the planning period to account for wealth conservation objectives.
Second, the control is introduced in the objective function, rather than in the constraints, in this way we allow for a trade-off with the benchmarking goal and we are able to account for different risk profiles in the investment.
Computational experiments
In the following we provide an application of the proposed model to real data through an out-of-sample exercise of portfolio management.
We consider different market conditions and we apply our model simulating the management of the portfolio over a 10-week period using a rolling-horizon procedure. In more detail, at each step of the simulation we generate a 2-stage scenario tree, we solve the optimization problem (3)- (13) and take the first period optimal decision. The portfolio composition is then evaluated using the true realized returns in the market and the resulting value represents the new endowment for the following period.
Clearly, the results of the management experiments depend on the reliability of the generated scenario trees. Many different models can be used to estimate future expected returns and generate the event trees. In this contribution we do not tackle the issue of comparing different models, we propose to generate the scenarios using historical simulation, which assumes only that past returns are good predictors for future behavior without further hypothesis on the return distributions. We assume that our investor is interested in tracking the MSCI Europe Index using a subset of MSCI Style Indexes. To test our model we use a weekly dataset from June 6, 2007 to May 16, 2012. Summary statistics on the Indexes are provided in table 1.
In our experiments we consider two periods to account for different market conditions. The first simulation period ranges from December 14, 2011 to February 22, 2012 . During this period the benchmark has a significant positive trend, as can be seen from figure 1.
In the second simulation period -from February 8, 2012 to April 18, 2012 -the market experiences both huge drops and raises, see figure 2.
For each simulation period, we test different configurations of the objective function in order to analyze the behavior of the optimized tracking portfolio with respect to the benchmark and the threshold levels. In table 2 we summarize the coefficients of the objective function for the portfolio configurations considered in the experiments.
We use two threshold levels for each simulation period (J = 2). For the first period we set z 1,t = 1010 and z 2,t = 1020 constant for all t = 0, . . . , T ; while we choose z 1,t = 970 and z 2,t = 990, for all t = 0, . . . , T , for the second simulation period.
In a first analysis we compare a pure tracking error model (portfolio 1a), with portfolio 1b in which we add the controls on the downside deviations from the threshold levels.
A second set of experiments consider only asymmetric distance measures Finally, we consider an experiment in which we drop the tracking goal with respect to the benchmark and consider only the downside penalization of negative deviations from the barriers (see, portfolio 3a and 3b, in table 2).
In figure 1 we present the results for the portfolio management experiments for the first period.
We consider, as tracking assets, the following MSCI Style Indexes:
LG, LV, SG, SV. From the top graph we can see that the four Style Indexes guarantee a good tracking performance of the index (portfolio 1a), while, when we introduce a shortfall control for the threshold levels (portfolio 1b) we sacrifice a potential upside capture. In the middle graph we can observe the portfolio behavior when we consider asymmetric tracking for the risky benchmark and we introduce a progressively higher penalization for the shortfalls (portfolios 2a, 2b and 2c). Finally, the bottom graph displays the behavior of the portfolios which account only for shortfall penalization without any tracking component in the objective function.
The same set of experiments has been carried out for the second simulation period. This case is more interesting from the point of view of a downside protection since the index experiences a sharp drop even below the lower threshold.
The same considerations as in the previous set of experiments apply. In particular, the introduction of a shortfall control is effective but is done at the cost of a reduction in the gains when the market raises. Moreover, if we compare portfolios 2a and 1b, it is interesting to observe that when we allow for a higher tracking error we can improve the downside protection. From the bottom graph, which displays the behavior of non-tracking portfolios, we can observe that there is an improvement in the downside protection but at a higher cost in terms of upside capture.
The four Style Indexes, we used as tracking assets, allowed us to obtain a good tracking performance in the out-of-sample experiments as it can be seen if we compare portfolios 1a with the Index for both simulation periods. However, in order to analyze the possible improvement in the tracking performances we carried out a further experiment using all the eight Style Indexes.
We computed the Tracking Error (TE) and Tracking Error Volatility (TEV) for both simulation periods for tracking portfolios using as tracking assets the eight Style Indexes. The results, in the two periods, are comparable, and we decide to present only the statistics for the second period, which is more interesting from the point of view of the behavior of the benchmark.
In tables 3 and 4 we report the percentage Tracking Error and percentage Tracking Error Volatility for the analyzed portfolios using four Style Indexes (LG,LV,SG,SV), while tables 5 and 6 presents the same statistics using all the eight Style Indexes (LG,LV,MG,MV,SMG,SMV,SG,SV). Including all the Style Indexes improve the performance but, in our opinion, the tracking results with four Indexes is already satisfying.
The proposed model allows for a great flexibility in the formulation of the objective function and can thus accommodate for different combinations of the tracking and protection goals. Different risk attitude of the investor can be considered in the form of combining a tracking goal with respect to a risky benchmark and introducing a set of desired barriers to control the behavior of the portfolio. Table 6 : Percentage Tracking Error Volatility with respect to the benchmark, over 10-week period from February 8, 2012 to April 18, 2012, using 8 Style Indexes (LG,LV,MG,MV,SMG,SMG,SG,SV).
Concluding remarks
In this contribution we propose a multiperiod tracking error problem which can account for shortfall control using a sequence of references levels for wealth. The use of thresholds to define the goals for the portfolio management problem is intuitive for the investor and avoids the choice of a proper utility function and the definition of risk attitude/tolerance parameters. The proposed model allows to consider asymmetric tracking measures and in particular to penalize only downside deviations from the reference wealth levels. The computational experiments discussed show the trade-off between the possibility of upside capture and the control on downside risk. The role of the number of thresholds and the choice of a progressive penalization could be further investigated.
